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A NOTE ON LOW ENERGY SCATTERING
FOR HOMOGENEOUS LONG RANGE POTENTIALS
RUPERT L. FRANK
The very interesting, recent paper [DeSk2] is concerned with scattering at zero
energy for long-range potentials. It is shown that if V = −α|x|−µ+W for some α > 0,
0 < µ < 2 and a sufficiently fast decaying, radial function W , then the scattering
matrix for the pair (−∆+ V,−∆) at zero energy is given by
exp
(
−i piµ
2−µ
√
−∆Sd−1 +
(
d−2
2
)2)
+K
for some compact operator K (depending on V ). Moreover, it is conjectured that if
V = −α|x|−µ (that is, if W ≡ 0), then K ≡ 0. The purpose of this note is to prove
this conjecture.
Theorem 1. Let d ≥ 2, 0 < µ < 2 and α > 0. For λ > 0 let S(λ) be the scattering
matrix for the pair (−∆− α|x|−µ,−∆) at energy λ in the sense of [DeSk1]. Then
s− lim
λ→0+
S(λ) = exp
(
−i piµ
2−µ
√
−∆Sd−1 +
(
d−2
2
)2)
.
It was shown in [DeSk1] that S(0) := s− limλ→0+ S(λ) exists and is given through
the phase shifts of the solutions of the energy zero equations corresponding to fixed
angular momentum. To be more precise, for any l ∈ N0 there exists a function f
satisfying
−f ′′ +
(
(l − 1 + d/2)2 − 1/4
r2
− α
rµ
)
f = 0 in R+ ,
lim
r→0
r−l−
d−1
2 f(r) = 1 ,
lim
r→∞
(
r−µ/4f(r)− Cl sin
(
2
√
α
2− µ r
2−µ
2 +Dl
))
= 0
for some Cl > 0, and in terms of this function the action of S(0) on a spherical
harmonic Y of order l is given by
S(0)Y = exp
(
i2
(
Dl +
pi
4
(d− 3 + 2l)))Y .
(Note that the 2pi-ambiguity in the definition of Dl does not affect the formula for
S(0).) In view of these facts and recalling that the Laplacian acts on spherical har-
monics of order l as multiplication by l(l+d−2), Theorem 1 will follow if we can prove
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that Dl = −pi(d−2+2l)2(2−µ) + pi4 modulo 2pi. This equality is the assertion of the following
lemma applied to ν = l + d−2
2
.
Lemma 2. Let ν ≥ 0, 0 < µ < 2 and α > 0. The function
f(r) := Γ( 2ν
2−µ + 1)
(
2− µ√
α
) 2ν
2−µ
r1/2 J 2ν
2−µ
(2
√
α
2−µ r
2−µ
2 ) (1)
satisfies
−f ′′ +
(
ν2 − 1/4
r2
− α
rµ
)
f = 0 in R+ , (2)
lim
r→0
r−ν−1/2f(r) = 1 , (3)
lim
r→∞
(
r−µ/4f(r)− C sin
(
2
√
α
2− µ r
2−µ
2 − piν
2− µ +
pi
4
))
= 0 (4)
with C := pi−1/2Γ( 2ν
2−µ + 1) ((2− ν)/
√
α)
2ν
2−µ+
1
2 > 0.
Proof. We will show that the function f given in (1) is the unique solution of the
initial value problem (2) – (3). Then the asymptotics (4) follow from the asymptotics
Jν˜(s) =
√
2
pis
(
sin
(
s− piν˜
2
+
pi
4
)
+ o(1)
)
, s→∞ ,
of Bessel functions [AbSt, (9.2.1)].
Let f denote any solution of the initial value problem (2) – (3) and define g by
f(r) =: r1/2g(br
2−µ
2 ) , b :=
2
√
α
2− µ .
This definition is motivated by the asymptotics (4): If we want to arrive at a function
which behaves asymptotically like an inverse square root times an oscillating function
– which is the asymptotic behavior of any Bessel function –, then (4) suggests to look
at r−1/2f(r) as a function of r
2−µ
2 . This is essentially what we call g, and we are about
to show that g is indeed a Bessel function.
A short computation shows that equation (2) in terms of g becomes
g′′ + s−1g′ −
(
2ν
2− µ
)2
s−2g + g = 0 ,
which is Bessel’s equation with parameter ν˜ := 2ν/(2 − µ). Hence g is a linear
combination of Jν˜ and Yν˜ . Boundary condition (3) in terms of g becomes
lim
s→0
s−ν˜g(s) = b−ν˜ .
Since Jν˜(s) ∼ (s/2)ν˜/Γ(ν˜+1) for all ν˜ ≥ 0 and Yν˜(s) ∼ −(1/pi)Γ(ν˜)(s/2)−ν˜ for ν˜ > 0,
resp. Y0(s) ∼ (2/pi) ln s as s→ 0 [AbSt, (9.1.7–9)], we conclude that
g(s) = Γ(ν˜ + 1)(2/b)ν˜Jν˜(s) .
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This proves the lemma. 
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